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In many ecological studies, data are collected at different locations over time, with
interest in building a regression model for how one variable depends on its past values and
current valuesof a predictorvariable.Our motivation is an example investigatingthe effects
of mouse populations on the level of gypsy moth populations within a model accounting
for the previousyear’s gypsy moth values. With such data, the error term will often contain
autocorrelationover time as well as contemporaneouscorrelationover series at a �xed time.
A common approach in practice is the use of simple least squares or the use of two-stage
generalized least squares. The standard errors and tests that are typically used either ignore
thecorrelationin theerrorsor, if theydoaccountfor theerrorstructure,ignoretheuncertainty
that comes from estimating the correlation structure.There are also concerns regardingbias
in the estimatedcoef�cientsandvariance/correlationparameters.We investigatethese issues
mainly in the context of our example,which involves8 locationand 10 years of data, relying
on simulations due to the absence of exact small-sample results. Among other results, we
�nd the potential for gross underestimation of the standard errors of the coef�cients with
the use of standard generalizedleast squares methods. A bootstrap method is developed for
this context, applied to the example, and evaluatedvia simulations.The bootstrap estimates
of standard errors performed rather well in the settings we examined, supporting the use of
the bootstrap in the analysis of our example and suggesting the potential of the bootstrap
more generally.

Key Words: Contemporaneouscorrelation;Dynamic models; Gypsy moth; Mice; Serial
correlation;Time series–cross-sectionaldata.

1. INTRODUCTION

A common problem faced in ecological and other types of studies is the building and
analysis of regression models when data have been collected over space and time. We
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consider designs with observations on n locations at T equally spaced time points, with
data fYit; Xit, i = 1 ¢ ¢ ¢ n, t = 1 ¢ ¢ ¢ T g and Yi0, i = 1 ¢ ¢ ¢ n, where Yit is the response
variable and Xit a collection of other regressors. The objective is to make inferences for
the model

Yit = z0
it� + °it;

where � is a p £ 1 vector of parameters, zit (p £ 1) contains functions of Xit and/or past
values Y in location i, and °it is random with unconditionalmean zero. If previous Y values
enter into z, this is referred to as a dynamic model, while if not, it is called a static model.

The speci�c example thatmotivatesthis work arose from a studyof the dynamicsand in-
terrelationshipsof gypsy moth (Lymantria dispar) and the white-footedmouse (Peromyscus

leucopus) as discussed by Elkinton et al. (1996). Mice are the dominant predator of gypsy
moths and can affect their densities. Densities of mice on the other hand are determined not
by gypsy moths but by their overwintering food supply, principally acorns. To examine the
�rst relationship statistically, we investigated how the gypsy moth density in a particular
year depended on the gypsy moth density of the previous year and the mouse population
during the intercedingperiod. The main goal was to assess the magnitudeof the mice effects
on gypsy moth densities after accounting for last year’s gypsy moth density. The data are

from eight different locations at the Quabbin Reservoir in western Massachusetts over the
10-year period from 1986 to 1995, with measurements taken on gypsy moth egg mass den-
sities [considered the most reliable indicatorof gypsy moth density (Kolodny-Hirsch 1986)]
and mouse densities.A complete description of the data collectionis given by Elkinton et al.
(1996),with the data availableat http://www.math.umass.edu/¹johnpb/mdata.txt.

These values are subject to measurement error, the egg mass densities being obtained
using a mean from a sample of subplots within the location and the mouse densities being
estimated using mark–recapture techniques.For the discussionhere, the measurement error

will be assumed negligible,but work is being done on this important aspect of the problem.
Also, for the purposes here, the analysis is carried out based on Y = log(egg mass density
+ 1) and X = log(mice density + 1). The log transformation is commonly employed with
ecological data of this type and the +1 is used to remedy cases with zero values. There is
certainly room for discussing the use of such transformations and some good arguments for
not transforming, but we will not pursue that discussion here since it is not the main focus
of the article.

We allow separate coef�cients for each location, so Yit = ¬i + �iYi;t¡1 + ®iXit + °it.
Only a lag 1 dynamic component is considered since gypsy moth reproduce within a year.

Running least squares on each location leads to the estimates and standard errors given in
columns LS and LS-SE in Table 1. In addition to interest in the coef�cients themselves,
another objective was testing the null hypothesis of no mouse effect, i.e., all ®i = 0. A
standard F -test under the assumption of uncorrelated errors and constant variance had a
P -value 0.00014. A Wald chi-square test assuming uncorrelated errors but separate error
variances per location had a P -value of essentially zero. Within each location, the validity
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Table 1. Analysis of Example Using Least Squares (LS), Generalized Least Squares (GLS), and
Bootstrap Analysis Based on 1,000 Bootstrap Samples. BMean is the boostrap mean, BSE1
for the LS is the unmodi�ed bootstrap, while BSE2 uses the modi�ed bootstrap. BSE for GLS
is based on the modi�ed bootstrap.

LS LS LS GLS GLS
Parameter LS LS-SE GLS GLS-SE BMean BSE1 BSE2 BMean BSE

¬1 3.232 0.507 3.099 0.286 3.268 0.452 0.528 3.314 0.487
¬2 2.114 0.916 2.043 0.420 2.104 0.783 0.963 2.152 0.865
¬3 1.692 0.804 1.518 0.412 1.833 0.778 0.949 1.867 0.863
¬4 3.629 0.496 3.466 0.218 3.618 0.348 0.430 3.643 0.379
¬5 1.196 0.708 1.377 0.218 1.133 0.615 0.725 1.115 0.651
¬6 1.138 0.384 0.803 0.207 1.139 0.300 0.319 1.154 0.306
¬7 0.250 0.619 0.172 0.273 0.292 0.632 0.793 0.257 0.718
¬8 1.470 0.570 1.252 0.229 1.564 0.493 0.562 1.602 0.506

®1 ¡1.73 0.305 ¡1.68 0.174 ¡1.726 0.275 0.328 ¡1.754 0.298
®2 ¡1.04 0.562 ¡0.862 0.249 ¡1.006 0.498 0.603 ¡1.050 0.535
®3 ¡0.783 0.568 ¡0.724 0.245 ¡0.787 0.525 0.646 ¡0.828 0.582
®4 ¡1.97 0.323 ¡1.79 0.145 ¡1.957 0.233 0.286 ¡1.973 0.251
®5 0.005 0.518 0.019 0.124 0.051 0.438 0.516 0.060 0.457
®6 ¡0.464 0.295 ¡0.256 0.150 ¡0.448 0.242 0.265 ¡0.470 0.250
®7 0.075 0.539 0.211 0.201 0.072 0.508 0.623 0.099 0.554
®8 ¡0.971 0.507 ¡0.731 0.193 ¡0.975 0.432 0.496 ¡1.028 0.437

�1 0.340 0.152 0.428 0.069 0.281 0.140 0.168 0.288 0.159
�2 0.150 0.319 ¡0.055 0.139 0.086 0.281 0.289 0.100 0.255
�3 0.111 0.366 0.239 0.117 ¡0.089 0.314 0.308 ¡0.045 0.268
�4 ¡0.257 0.157 ¡0.344 0.045 ¡0.261 0.111 0.133 ¡0.265 0.116
�5 ¡0.425 0.319 ¡0.624 0.079 ¡0.419 0.288 0.297 ¡0.419 0.255
�6 ¡0.648 0.253 ¡0.378 0.146 ¡0.709 0.209 0.193 ¡0.679 0.191
�7 0.056 0.401 ¡0.078 0.163 ¡0.050 0.343 0.334 ¡0.039 0.314
�8 0.172 0.313 0.109 0.108 ¡0.048 0.276 0.287 ¡0.001 0.253

of the inferences on the coef�cients depends on the °it being uncorrelated with each other,
having conditional mean zero, and being uncorrelated with the regressors. The �rst as-

sumption is violated if there is serial correlation in the errors, as will arise from lingering
environmental effects not captured in the model. The last assumption will not hold if there
is a dynamic component as one would expect there to be. The assumption of conditional
mean zero will also not hold if there is a dynamic model plus serial correlation in the errors.
Comparisons of coef�cients across locations or inferences from least squares �ts allowing
some common coef�cients over location are incorrect if the errors are correlated among
locations. Such correlations arise naturally from weather and other environmental factors
that in�uence all of the locations at a particular time. All of these factors lead us to question
the least squares analysis.

In Section 2, we �rst describe a model allowing serial correlation at each location and
contemporaneous correlations among locations at each time, both of which we need to
entertain for our example. This suggests a generalized least squares (GLS) approach, which
is applied to the example and initially suggests large gains from the use of GLS. There are
problems, however, with both ordinary least squares (OLS) and GLS, which are discussed,
as are connections to related work. In Section 3, we describe a bootstrap method to try and
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assess and remedy the de�ciencies of the naive approaches and apply it to the example.
Section 4 provides some simulations to evaluate the the estimates of coef�cients and their
associated standard errors as well as estimates of the correlation parameters. These provide
a general assessment of the methods as well as direct support for the use of the bootstrap

on the example. Section 5 has some concluding remarks.

2. MODELING AND GLS

We use a model commonly employed in econometrics that allows for serial correlation

in the errors and/or correlation over locations at a particular time. The serial correlation is
assumed to follow an AR(1) model,

°i;t + 1 = �i°it + uit; (2:1)

with E(uit) = 0; V(uit) = ¿2
i , and j�ij < 1. The contemporaneous/spatial correlation is

captured by cov(uit; ujt) = ¿ij , and so with ut = (u1t; : : : ; unt)
0,

cov(ut) = ©:

Note that heteroscedasticity over locations is also built into the model. It is assumed that
cov(uit; ujs) = 0 for t 6= s, i.e., the u’s are uncorrelated across different time points.

In matrix form, Y = Z� + °, where Y 0 = (Y 0
1; : : : ; Y 0

n) with Y 0
j = (Yj1; : : : ; Yjt)

and the rows of Z are ordered from z0
11 to z0

nt. Unconditionally,E(°) = 0 and cov(°) = «,
where

« =

264
¼2

1P11 ¼12P12 ¢ ¢ ¢ ¼1nP1n

¼12P21 ¼2
2P22 ¢ ¢ ¢ ¼2nP2n

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¼1nPn1 ¼2nPn2 ¢ ¢ ¢ ¼2

nPnn

375 ;

with

Puw =

26664
1 �w �2

w ¢ ¢ ¢ �T ¡1
w

�u 1 �w ¢ ¢ ¢ �T ¡2
w

�2
u �u 1 ¢ ¢ ¢ �T ¡3

w

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
�T ¡1

u �T ¡2
u �T ¡3

u ¢ ¢ ¢ 1

37775
and ¼ij = cov(°it;jt) = ¿ij=(1 ¡ �i�j). When there is a dynamic component, this is not a
classical linear model since E(° j Z) is not 0. The locations will be treated as �xed, but see

Section 5 for further discussion.
The ordinary least squares estimator is �̂

LS
= (Z 0Z)¡1Z 0Y , with residuals de�ned

via

rit = Yit ¡ z0
it�̂LS

: (2:2)

For a static model, the OLS estimators are unbiased and consistent, while for dynamic
models, the OLS estimators are biased [see Fromby, Hill, and Johnson (1980, p. 239) for
the case of a single location] but will be consistent with no serial correlation, e.g., �i = 0.
For a dynamic model combined with serial correlation in the errors, the OLS estimators
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are inconsistent (Fromby et al. 1980, p. 242). Even with negligible bias (or no bias as in
the static case), naive standard errors and tests are incorrect. One approach to correct them
is to develop an analytical expression for the approximate covariance of �̂

LS
, estimate it,

and rely on standard large-sample inferences. This approach is straightforward in the static

case but more complicated for the dynamic case and requires estimation of the unknown
variance/covariance parameters.

Estimation of the � and ¿ parameters may be an objective in its own right but is also
needed in order to apply generalized least squares methods. Using the residuals from the
least squares �t, the most common estimator of the autocorrelation under a static model
is �̂i = §T

j = 2 rijri;j¡1=§T
j = 2 r2

i;j¡1 [see Greene (1990, p. 443) for a summary of some
alternative estimators of �]. Under the static model, this yields consistent estimators, but
with a dynamic component, these estimators are inconsistent (Fromby et al. 1980, p. 244).

Using (2.1) suggests naively estimating the uit via ûit = rit ¡ �̂iri;t¡1; t = 2; : : : T . Since
§T

t = 2 ûit is not necessarily zero, we use centered values

~uit = ûit ¡ ûi:; (2:3)

where ûi: = §T
t= 2 ûit=(T ¡ 1). Letting ~u0

t = (~u1t; : : : ; ~unt), the distribution of the ~ut

values, over t = 2 to T , can be viewed as a rough estimate of the distribution of the ut’s.

These values have covariance matrix

©̂1N =

TX
t= 2

~ut~u0
t=(T ¡ 1); (2:4)

where the N indicates not modi�ed. As an estimator of ©, we know that, in general, ©̂1N

is de�cient for small samples due to not adjusting for the estimation of �. This suggests
instead the use of

©̂1 =

TX
t= 2

~ut~u0
t=(T ¡ 1 ¡ q); (2:5)

where q equals the numberof parameters entering into the regressionmodel for each location
(assumed for simplicity here to be the same for each location).

Applying the usual transformation to remove serial correlation (y¤
it = yit ¡ �̂iyi;t¡1,

z¤
it = zit ¡ �̂izi;t¡1, t = 2; : : : ; T , y¤

i1 = (1¡ �̂i)
1=2yi1, and z¤

i1 = (1¡ �̂i)
1=2zi1) leads to

a transformed model Y ¤ = Z¤� + °¤ where, if the �i were known, cov(°¤) = ©« I, where
« denotes Kronecker product [cf., Greene (1990, chap. 15)]. Fitting this transformed model
yields �̂

GLS1
= (Z¤ 0

Z¤)¡1Z¤ 0
Y ¤, with the residuals de�ned by r¤

it = Yit ¡ z¤0
it �̂

GLS1
.

When applied to a single location, the GLS1 estimator is often referred to as the Prais–

Winsten or Yule–Walker estimator.
Considering all the locations simultaneously, the method of Parks (1967) �rst uses the

residuals from the transformed �t to estimate © and then uses a generalized least squares es-
timator �̂

GLS
= (Z 0«̂¡1Z)¡1Z 0«̂¡1Y . A standard large-sample approach, implemented,

e.g., in proc TSCSREG in SAS (SAS Institute 1993) and the xtlgs procedure in STATA
(StataCorp 1999), uses an estimated covariance for �̂GLS of VGLS = (Z 0«̂¡1Z)¡1.
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Both SAS and STATA also use ©̂N = §T
t = 1 r¤

t r¤ 0
t =T , where r¤ 0

t = (r¤
1t; r¤

2t; : : : ; r¤
nt),

i.e., ¿̂ij = §T
t = 1 r¤

itr
¤
jt=T . The SAS documentation incorrectly indicates the use of a di-

visor of T ¡ p, where p = rank(Z). Parks (1967) originally suggested using ¿̂ij =

§T
t = 1 r¤

itr
¤
jt=((T ¡ qi)(T ¡ qj))1=2, where qi is the number of parameters used in the model

for location i. For simplicity, we restrict our discussion to the case of equal qi and use

©̂ =

TX
t= 1

r¤
t r¤ 0

t =(T ¡ q): (2:6)

The choiceof a divisor in estimating© is of no consequencefor �̂GLS since the scaling factor
cancels out, but it does affect VGLS . Unless there are separate coef�cients per location,

there is no guarantee that the §t r¤
it = 0 and it would be better to use centered residuals,

as we did with ~u values, although the software packages do not do so. This will only be an
issue in our evaluation of estimates of ©, as our bootstrap procedure will be based on the
~u’s.

As shown by Park (1967) for the static model, �̂GLS is a consistent estimator of � and
VGLS provides a consistent estimator of the covariance of �̂GLS , but this won’t necessarily
hold for the dynamic model. The main problem with VGLS is that it does not account for
the uncertainty due to estimation of the parameters in «, which raises questions about its
validity with small sample sizes.

Models similar to the one used here fall under the headingof time series/cross-sectional
models or seeminglyunrelated regressions in the econometrics literature [cf., Srivastavaand
Giles (1987, p. 351), Dielman (1989, p. 35), Kiviet (1995), and Kiviet, Phillips, and Schipp
(1995), and references and discussion therein]. The majority of the work deals with the
nondynamic context, or when there is a dynamic component, serial and contemporaneous
correlation are usually not both present. The case of a single location (n = 1), where
of course there is no contemporaneous correlation, has received extensive discussion [see
Fromby et al. (1980, chap. 11) for a summary]. The case with a single location also has

immediate connections to multivariate time series (cf., Wei 1990, chap. 14; Judge, Grif�ths,
Hill, Lutkepohl, and Lee 1985, chap. 16). The emphasis in this prior work has been mainly
on choosing estimators based on either their asymptoticor small-sample properties. While a
number of authorsmentionproblemswith estimated standard errors arising from VGLS , this
has receivedonly limitedattention.Theexceptionis theworkof FreedmanandPeters (1984),
who treat an econometric problem similar to the one considered here with a multivariate
dynamic model and contemporaneous correlation but no serial correlation. They examine
the problem with the use of naive standard errors and investigate the use of a bootstrapping
technique.

The estimated serial correlations, the �̂i’s, for the example, ordered by location, are
¡0.31, 0.10, ¡0.10, ¡0.13, ¡0.04, ¡0.42, 0.09, and ¡0.29. P -values for Durbin h- or t-
tests for assessing serial correlation in a dynamicmodel [Fromby et al. (1980,p. 244) carried
this out usingproc autoreg in SAS (SAS Institute1993)] are 0.1363,0.3899,0.3007,0.3201,
0.1067, 0.0140, 0.0780, and 0.0001, respectively. Because these are large-sample tests, the
results need to be viewed cautiously with only 10 time points. It does suggest, however,
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that serial correlation should not be ignored. Durbin tests were also run on transformed data
resulting from removing the lag 1 autocorrelation,with only one location resulting in signif-
icance. For this reason, we have proceeded with a model having only lag 1 autocorrelation,
which is also the model automatically accommodated by most time-series/cross-sectional

programs.
The components of ©̂1 from (2.5) are given in the diagonal and lower triangular

part of 26666666664

0:097 :596 :428 :237 :310 :338 :424 :311
0:136 0:533 :233 :844 :654 :286 :633 :355
0:101 0:129 0:570 :113 :656 :613 :389 :677
0:022 0:180 0:0250 0:085 :637 :323 :551 :594
0:055 0:273 0:283 0:106 0:327 :286 :837 :664
0:041 0:082 0:182 0:037 0:064 0:154 :182 :611
0:079 0:276 0:176 0:096 0:286 0:043 0:357 :257
0:005 0:137 0:270 0:092 0:200 0:127 0:08 0:280

37777777775
; (2:7)

with the terms above the diagonal providing estimates of the pairwise correlations between
locations. (For ease, we have left the leading zero on the part of the matrix that estimates the

components of © and dropped them on the upper part corresponding to the correlations.)
There is evidence of both heteroscedasticity in the variances over locations and correlation
among locations.

Columns 3 and 4 of Table 1 show the GLS estimators along with the usual standard
errors from proc TSCSREG. GLS leads to only minor modi�cations in the estimated ¬’s
and ®’s, with more substantial changes suggested in some of the �’s, which represent the
dynamic part of the model. The standard errors suggest large gains in precision from the
use of GLS over OLS. Before we accept this analysis, however, potential problems with
bias in both the coef�cients and the estimated standard errors need to be addressed. In the

next section, we describe the use of a bootstrap method to try and address these questions.

3. BOOTSTRAPPING

Bootstrapping has become a popular methodology for estimating bias and standard
errors and the construction of distribution-free inferences and has been applied to many
different types of models [see Efron and Tibshirani (1993) and Wu (1986) for some general
discussionand Li and Madalla (1996)and Freedman and Peters (1984) for treatmentof time-
series and time-series/cross-sectional data]. The bootstrap resampling here must be done
in a manner that captures both the serial and contemporaneous correlation. We construct

bootstrap samples by conditioning on the X values and treating them as �xed as well as
by conditioning on the initial Yi0 values. Fixing the X values only makes sense if there is
no (or little) direct in�uence of the previous Y values on X. In the example, this means
that, although the feeding of the mice on gypsy moth pupae may in�uence the gypsy moth
population, we assume that the magnitude of the gypsy moth population in turn has a
negligible effect on the mouse population. This is justi�ed by the fact that the pupae are
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only a secondary food source for the mice. Without this assumption, �xing the X values is
questionable and one needs to model the joint behavior of Y and X over time using some
type of multivariate time series model.

A total of B (large) bootstrap samples are used. The bth sample (with values denoted

by b in the �rst position of the subscript) is constructed as follows:

(1) Initial values are set to the observed initial values, Ybi0 = Yi0 for i = 1 ¢ ¢ ¢ n.
(2) For t = 1,

Ybi1 = z0
b1i�̂ls

+ rbi1;

where z0
b1i = (1; Ybi0; Xi1) and rbi1 = (rik ¡ ·ri:)f , with k chosen at random from

1; : : : T . The rit’s are the residuals in (2.2) with ·ri: = §t rit=T . The multiplier f

is either one, for what we call the unmodi�ed bootstrap, or f = (T=(T ¡ q))1=2,
for what we call the modi�ed bootstrap. This sampling re�ects the overall error
distribution since we don’t have an error from time 0 to use in the autoregressive
piece. The residuals have been centered over time, by subtracting ·ri:, to ensure we
are sampling from values with mean zero.

(3) For t = 2 to T , Ybit = z0
bti�̂ls

+ rbit , where z 0
bti = (1; Ybi;t¡1; Xit) and

rbit = �̂irbi;t¡1 + g~uik;

with k chosen at random from 2; : : : ; T . For the unmodi�ed bootstrap, g = 1,
while for the modi�ed bootstrap, g = ((T ¡ 1)=(T ¡ 1 ¡ q))1=2. Recall that the ~u

were already centered to have mean zero over time. The bootstrap here captures the
dynamic part of the model as well as both the autoregressive and contemporaneous
correlation.

Notice that, at a particular time, the same random k is used over all of the locations
(i = 1 to n). This retains the correlation over locations at a �xed time. The purpose of the
proposed modi�cations is to re�ect adjusted divisors that are used in estimating covariance

matrices. For example, in the piece involving the ~u’s, when g = 1, then ~uik is a sample
from a distribution with covariance matrix ©̂1N , as given in (2.4). On the other hand,
g = ((T ¡ 1)=(T ¡ 1 ¡ q))1=2 leads to g~uik being a sample from a distribution with
covariance ©̂1, as in (2.5), which is the better estimate of ©. We will see that the modi�ed
bootstrap is preferred.

Columns 5–9 in Table 1 demonstrate the bootstrap analysis of the example based on
B = 1;000 bootstrap replicates, leading to the following comments:

° Compared with original�tted coef�cients (either OLS or GLS), the bootstrapmeans

indicate very little bias in either the ¬ or ® coef�cients but indicate some bias
problems with the �’s, which are the dynamic coef�cients.

° The bootstrap standard errors for the least squares estimates from the modi�cation
are typically somewhat larger than those from the unmodi�ed bootstrap, with the
biggest effect being on the ¬’s and the least effect on the �’s. This is expected from
the nature of the modi�cation.
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° The differences between the modi�ed bootstrap standard errors and the naive stan-
dard errors for the LS estimators are not dramatic. This is because the naive standard
errors are based on the �t for each location, which allows heteroscedasticity across
locations. The changes observed are due to the dynamic nature of the model and the

serial correlation, the latter being relatively small in a number of the series.
° The bootstrap standard errors for the GLS estimator are dramatically larger than the

naive standard errors, ranging anywhere from 1.3 to 3.7 times larger than the naive
standard errors. The bootstrap standard errors indicate a very modest potential gain
from the use of the generalized least squares estimators.

For testing the null hypothesis of no mice effects (all ®i = 0), the standard F -test
under the assumption of uncorrelated errors with constant variance had a P -value 0.00014,
while Wald chi-square tests, based either on least squares and allowing changing variance
over location or based on the GLS analysis, both had P -values of essentially zero. The

bootstrap P -values for these tests, obtained by bootstrapping with the mice coef�cients
equal to zero and calculating the proportion of time the bootstrapped statistic was bigger
than the original statistic, were 0.002, 0.002, and 0.084, respectively. Notice the dramatic
change in the P -value for the test based on GLS estimators, which is due to how small the
naive standard errors are.

The question remains as to whether we should put any more faith in the bootstrap
analysis than in the naive analysis. The issue is whether the bootstrap is properly capturing
the properties of the estimators, especially given the need to �rst estimate a large number
of parameters and the modest number of time points. The simulations in the next section

begin to address this question.

4. SIMULATIONS

In this section, simulations are presented to provide an overall evaluation of the boot-
strap approach and to provide support for the bootstrapanalysisof the example.Throughout,

we use parameterizations based on the example with n = 8 locations, T = 10 time points,
and correlations �1 = ¡0.3, �2 = 0.1, �3 = ¡0.1, �4 = ¡0.1, �5 = ¡0.04, �6 = ¡0.4, �7 =
0.09, and �8 = ¡0.3.

4.1 COMMON COEFFICIENTS PER LOCATION

To simplify the investigation,we �rst consider a model with common coef�cients per
location,

Yit = ¬ + �Yi;t¡1 + ®Xit + °it:

In all cases, ¬ = 2 and ® = ¡0:9, which are close to the average coef�cients over locations
in the example. The variances for the u terms are ¿2

1 = 0.1, ¿2
2 = 0.35, ¿2

3 = 0.38, ¿2
4 = 0.06,

¿2
5 = 0.22, ¿2

6 = 0.1, ¿2
7 = 0.24, and ¿2

8 = 0.19, chosen to agree closely with the diagonal
elements of (2.7).
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Table 2. Performance of Least Squares (LS) and Generalized Least Squares (GLS) Estimators. MEAN
= mean of estimator; SIMSE = simulated standard error; ESTSE = mean of naive estimate
of standard error; BSE = mean of bootstrap estimate of standard error; No mod refers to
nonmodi�ed method. Based on 500 simulations.

LS LS GLS GLS GLS LS GLS
� ½ COEFF MEAN SIMSE ESTSE MEAN SIMSE ESTSE BSE BSE

0 0.2 ¬ 2.0454 0.2647 0.1071 2.0310 0.1737 0.0283 0.2529 0.1893
® ¡0.9134 0.1442 0.0620 ¡0.9136 0.0924 0.0146 0.1411 0.1040
� ¡0.0340 0.1332 0.0581 ¡0.0164 0.0857 0.0136 0.1282 0.0952

0 0.9 ¬ 2.0940 0.4915 0.2060 2.0665 0.3344 0.0541 0.4619 0.3536
® ¡0.9189 0.2997 0.1301 ¡0.9216 0.2040 0.0286 0.2836 0.2154
� ¡0.0844 0.2133 0.0905 ¡0.0429 0.1371 0.0245 0.1961 0.1478

¡0.5 0.2 ¬ 1.9916 0.2120 0.0925 1.9917 0.1390 0.0252 0.2152 0.1636
® ¡0.9000 0.1393 0.0615 ¡0.9014 0.0871 0.0144 0.1370 0.1005
� ¡0.4896 0.1211 0.0513 ¡0.4851 0.0842 0.0138 0.1172 0.0906

¡0.5 0.9 ¬ 1.9868 0.4369 0.1879 1.9994 0.2840 0.0498 0.4129 0.3116
® ¡0.8830 0.2854 0.1295 ¡0.9016 0.1832 0.0280 0.2771 0.2048
� ¡0.5087 0.1986 0.0791 ¡0.4870 0.1297 0.0244 0.1746 0.1358

¡0.5, 0.9 ¬ 1.9761 0.4358 0.1919 1.9900 0.2886 0.0413 0.3555
No mod ® ¡0.8816 0.2841 0.1320 ¡0.8979 0.1815 0.0236 0.2361

� ¡0.5036 0.2129 0.0802 ¡0.4848 0.1383 0.0210 0.1614

0.1 0.2 ¬ 2.0441 0.2798 0.1115 2.0318 0.1828 0.0289 0.2637 0.1959
® ¡0.9104 0.1497 0.0632 ¡0.9134 0.0969 0.0149 0.1438 0.1055
� 0.0677 0.1294 0.0579 0.0855 0.0845 0.0130 0.1274 0.0944

0.1 0.9 ¬ 2.1413 0.5117 0.2115 2.0865 0.3408 0.0564 0.4781 0.3656
® ¡0.9342 0.3030 0.1315 ¡0.9261 0.2060 0.0296 0.2879 0.2185
� ¡0.0048 0.2104 0.0900 0.0457 0.1343 0.0249 0.1961 0.1478

Tosimplify the investigationinto theeffects of spatial correlation, theoff-diagonalterms
of the © matrix are chosen to be equal, so ¿ij = ½¿i¿j , where ½ is the constant between-
location correlation in the u’s. Six combinations of parameters are used arising from the
dynamic coef�cient � being either 0 (a nondynamic model), ¡0.5, or 0.1 combined with
values of ½ of 0.2 or 0.9. The values of � = ¡0.5 and 0.1 re�ect the dynamic coef�cients

observed in some of the locations in the example, the former being a somewhat strong
negativedynamic effect and the latter a weak positiveeffect. The ½ were chosen to generally
re�ect weak and strong contemporaneous correlation. There are 500 simulations for each
combination of parameters, and where the bootstrap is calculated, B = 500 bootstrap
samples are obtained.

4.1.1 Estimating Coef�cients

Table 2 provides results for the OLS and GLS estimators for the six combinations of �

and ½ . We present results for the modi�ed methods (which account for estimation of q = 3

parameters) except for one set of nonmodi�ed results for � = ¡0:5 and ½ = 0:9. The
modi�cation enters both into the estimated standard error of the GLS estimator and into
the generation of bootstrap standard errors. Discrepancies in the �rst �ve columns for the
two sets of results for � = ¡0:5 and ½ = 0:9 re�ect sampling variability arising from 500

simulations. Examination of Table 2 leads to the following general conclusions:
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Table 3. Average Estimated Autocorrelations Based on 500 Simulations

� ½ 1 2 3 4 5 6 7 8

0 0.2 ¡0.10 0.03 ¡0.15 ¡0.06 ¡0.09 ¡0.19 ¡0.02 ¡0.28
0 0.9 ¡0.09 0.07 ¡0.11 ¡0.05 ¡0.05 ¡0.16 0.04 ¡0.25

¡0.5 0.2 ¡0.10 0.03 ¡0.14 ¡0.07 ¡0.08 ¡0.19 ¡0.03 ¡0.28
¡0.5 0.9 ¡0.14 0.04 ¡0.14 ¡0.07 ¡0.08 ¡0.20 ¡0.01 ¡0.29

0.1 0.2 ¡0.09 0.03 ¡0.16 ¡0.06 ¡0.09 ¡0.18 ¡0.01 ¡0.27
0.1 0.9 ¡0.08 0.07 ¡0.12 ¡0.04 ¡0.05 ¡0.17 0.04 ¡0.26

24 parameters ¡0.26 ¡0.04 ¡0.08 ¡0.03 ¡0.11 ¡0.26 ¡0.04 ¡0.17

True �i ¡0.3 0.1 ¡0.1 ¡0.1 ¡0.04 ¡0.4 0.09 ¡0.3

° There is only modest bias for any of the coef�cients using either OLS or GLS.
° The naive standard errors for either OLS or GLS are too small.

For least squares, the standard errors are about half of what they should be. For GLS,
the estimated standard errors are woefully inadequate, on the order of 5 to 10 times too
small. While using a modi�ed estimate for © is better than no modi�cation, the difference
is marginal relative to the overall error. The problem is not the presence of a dynamic
component since the problem remains even under the case with � = 0. The main source
of the problem is not accounting for the uncertainty due to estimation of the � and ©

parameters.

° There is a modest tendency for the bootstrap to underestimate the standard error
for least squares and overestimate for GLS, but overall, the standard errors based
on the modi�ed bootstrap do rather well.

4.1.2 Estimating Serial Correlation

Table 3 examines the bias of the estimates of serial correlation. In addition to being
of interest by themselves, the biases in the �̂i’s will have some in�uence on the bootstrap

method, which makes use of them. The results are fairly constant across parameterizations
indicating that, for the parameter combinations considered here, the dynamic coef�cient,
�, does not have much in�uence. Neither does the contemporaneous correlation ½ , but that
is to be expected. As was noted earlier, it is known that the estimated autocorrelations
are inconsistent in a dynamic model, but this does not appear to be the main problem
here since the bias persists at roughly the same level in the nondynamic cases (� = 0).
The bias is also not just a function of the true correlation. Locations 1 and 8 both have
a correlation of ¡0.3, with rather severe bias in location 1 but modest bias in location 8.
Location 6, with a correlation of ¡0.4, has a bias similar to that in location 1. The fact there

are biases is not surprising since this is a complicated measurement error problem. The
observed residuals equal the true °’s plus measurement error, i.e., the vector of residuals
r equals ° + (I ¡ Z(Z 0Z)¡1Z 0)°, and the measurement errors in (I ¡ Z(Z 0Z)¡1Z 0)°
have a complicated mean and covariance structure. This structure could be used for a more
rigorous exploration of the nature of the bias, but we will not do so here since these biases
are not a main focus of our investigation.
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Table 4. Performance of Estimators of © Expressed Based on Ratio of the Mean Over 500 Simulations
to the True Value. No mod refers to nonmodi�ed versions of ©̂ and ©̂1. Values given are
descriptive statistics of the ratio over the off-diagonal (Off) and diagonal (Diag) elements.

©̂ ©̂1

� ½ Type Mean SD Min Max Mean SD Min Max

0 0.2 Off 0.93 0.07 0.78 1.06 0.96 0.05 0.81 1.06
Diag 1.12 0.13 1.01 1.37 1.08 0.09 1.02 1.28

0, 0.2 Off 0.65 0.05 0.54 0.73 0.64 0.03 0.54 0.69
No mod Diag 0.77 0.08 0.70 0.92 0.71 0.05 0.68 0.82

0 0.9 Off 0.99 0.07 0.85 1.12 1.04 0.04 0.91 1.09
Diag 1.15 0.10 1.06 1.34 1.12 0.06 1.08 1.25

0.1 0.2 Off 0.95 0.08 0.78 1.08 1.00 0.06 0.83 1.07
Diag 1.14 0.12 1.03 1.37 1.11 0.08 1.06 1.28

0.1 0.9 Off 0.97 0.07 0.83 1.11 1.00 0.05 0.87 1.08
Diag 1.15 0.12 1.04 1.37 1.10 0.07 1.04 1.27

¡0.5 0.2 Off 0.90 0.06 0.77 0.99 0.92 0.04 0.80 0.98
Diag 1.06 0.09 0.98 1.23 1.01 0.05 0.97 1.12

¡0.5 0.9 Off 0.97 0.06 0.85 1.09 1.00 0.04 0.88 1.05
Diag 1.13 0.10 1.04 1.30 1.08 0.04 1.05 1.18

24 parameters, Off 0.53 0.05 0.46 0.69 0.54 0.11 0.45 1.05
No mod Diag 0.66 0.28 0.62 0.70 0.67 0.13 0.61 0.69

24 parameters Off 0.84 0.19 0.69 1.73 0.86 0.26 0.69 2.14
Diag 0.97 0.05 0.88 1.02 1.01 0.06 0.94 1.08

4.1.3 Estimating ©

Table 4 provides information on estimating © using ©̂1 in (2.5) and ©̂ in (2.6) and, for

cases labeled No Mod, their nonmodi�ed versions. Since © is an 8 £ 8 matrix, the results
are presented via descriptive statistics on the ratio of the estimated value to the true value
over the 500 simulations, with separate results for the diagonal and off-diagonal elements.

° As expected, the unmodi�ed estimates of © lead to severe underestimation,
although as noted earlier, this is used in various software packages. The modi�ed
estimators should be used.

° The estimator ©̂1 performs somewhat better than ©̂. This provides support for the
use of the modi�ed bootstrap using the ~u rather than the r¤.

° In general, there is a slight overestimation of the diagonal term but a somewhat
larger underestimation on the off-diagonal terms. This suggests that a common
scaling factor does not apply for the whole covariance matrix. This doesn’t seem
to bevery important for thebootstrappingbutwouldhave implicationsif estimation
of the spatial correlations was the main objective.

4.2 SIMULATIONS WIT H SEPAR ATE COEFFICIENTS PER LOCATION

To better understand the bootstrap analysis of the example, we carried out one set of
simulations with separate coef�cients on each of the eight locations. The true coef�cients,
based on the example, appear in both Tables 5 and 6. The same autocorrelations were used
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Table 5. Performanceof LeastSquares for SimulationsWith SeparateCoef�cientsPer Location.COEFF
= true value; LSMEAN = mean of LS estimator; SIMSE = simulated standard error; ESTSE =
naive estimate of standard error (using separate estimate for each location); BOOTSE = mean
of bootstrap standard error. Based on 500 simulations using modi�ed bootstrap.

LS LS LS LS
COEFF MEAN SIMSE ESTSE BOOTSE

¬1 (3.2) 3.263 0.512 0.507 0.512
¬2 (2.1) 2.028 0.971 0.911 0.907
¬3 (1.7) 1.879 0.930 0.884 0.914
¬4 (3) 2.983 0.422 0.386 0.411
¬5 (1.2) 1.213 0.757 0.716 0.740
¬6 (1.1) 1.217 0.373 0.397 0.380
¬7 (0.3) 0.355 0.859 0.632 0.728
¬8 (1.5) 1.663 0.591 0.581 0.592

®1 (¡1.7) 1.701 0.310 0.305 0.308
®2 (¡1) 0.911 0.622 0.556 0.560
®3 (¡0.8) 0.825 0.632 0.581 0.608
®4 (¡2) 1.988 0.293 0.266 0.281
®5 (0.005) 0.017 0.561 0.509 0.540
®6 (0.5) 0.512 0.282 0.298 0.289
®7 (0.08) 0.092 0.677 0.507 0.586
®8 (¡1) 1.045 0.515 0.492 0.506

�1 (0.33) 0.244 0.163 0.164 0.163
�2 (0.15) 0.049 0.313 0.308 0.276
�3 (0.11) 0.089 0.298 0.334 0.284
�4 (¡0.25) 0.257 0.131 0.116 0.124
�5 (¡0.42) 0.450 0.277 0.301 0.263
�6 (¡0.65) 0.776 0.227 0.230 0.217
�7 (0.06) 0.102 0.342 0.350 0.301
�8 (0.17) 0.082 0.286 0.281 0.255

as in the earlier simulations.The © matrix used was the one given in (2.7), which has similar
diagonal elements to the one used with common coef�cients per locations.

The behavior of the OLS and GLS estimators and associated standard errors are
presented in Tables 5 and 6. The naive standard errors for least squares were calculated
using separate �ts per location. The two methods of estimation are very similar in terms of
bias, with small bias in the ¬’s and ®’s but with underestimationof the dynamic coef�cients.
As would be expected, the GLS estimators are better in terms of standard errors, but the
gains are modest. As with the earlier simulations, the bootstrap standard errors do a better
job (much better in the case of GLS) than the naive standard errors. The bootstrap standard
errors for both estimators, however, are usually too small, although not by large amounts.
One source of the problem is the bias in the estimatesof the � and © parameters, as discussed

below.
The behavior of the estimators of the �i is given in Table 3 under the cases labeled “24

parameters.” Once again, we see some dif�culty with estimation of the autocorrelation
parameters. There are some changes in the bias from the earlier case with common
coef�cients over locations, e.g., there is less bias here for stands 1 and 6, while there is
increased bias in location 8.
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Table 6. Performance of Generalized Least Squares for Simulations With Separate Coef�cients Per
Stand. COEFF = true value; LSMEAN = mean of LS estimator; SIMSE = simulated standard
error; ESTSE = naive estimate of standard error (using separate estimate for each location);
BOOTSE = mean of bootstrap standard error. Based on 500 simulations using modi�ed
bootstrap.

LS LS LS LS
COEFF MEAN SIMSE ESTSE BOOTSE

¬1 (3.2) 3.273 0.497 0.277 0.466
¬2 (2.1) 2.071 0.909 0.443 0.835
¬3 (1.7) 1.882 0.857 0.468 0.836
¬4 (3) 3.002 0.378 0.195 0.360
¬5 (1.2) 1.178 0.681 0.314 0.666
¬6 (1.1) 1.146 0.364 0.216 0.351
¬7 (0.3) 0.322 0.805 0.312 0.658
¬8 (1.5) 1.662 0.546 0.288 0.544

®1 (¡1.7) ¡1.721 0.298 0.161 0.277
®2 (¡1) ¡0.961 0.580 0.242 0.511
®3 (¡0.8) ¡0.857 0.580 0.278 0.552
®4 (¡2) ¡2.002 0.258 0.125 0.245
®5 (0.005) 0.013 0.497 0.184 0.479
®6 (0.5) 0.514 0.259 0.152 0.260
®7 (0.08) 0.100 0.625 0.215 0.522
®8 (¡1) ¡1.069 0.472 0.219 0.461

�1 (0.33) 0.278 0.160 0.069 0.152
�2 (0.15) 0.096 0.287 0.125 0.246
�3 (0.11) ¡0.031 0.269 0.133 0.257
�4 (¡0.25) ¡0.252 0.114 0.041 0.108
�5 (¡0.42) ¡0.407 0.252 0.116 0.240
�6 (¡0.65) ¡0.712 0.237 0.116 0.210
�7 (0.06) ¡0.051 0.334 0.157 0.286
�8 (0.17) ¡0.013 0.267 0.104 0.235

The estimators of © also have some bias, as seen in the last portionof Table 4. As before,
the nonmodi�ed estimators should not be used as they grossly underestimate ©. Either of
the modi�ed estimators is doing a reasonable job of estimating the diagonal components
of ©. We need to be careful interpreting the off-diagonal results since we have used ratios
of the mean estimate to the true value and some of the true off-diagonal terms are small.

For example, the true (1; 8) element of © is 0.005. Still, there is evidence of bias problems
in estimating the off-diagonal terms. This can contribute to some bias in the bootstrap
estimated standard errors since we generate some errors with covariance ©̂.

We also examined the performance of naive and bootstrap tests of the null hypothesis
H0: all ®i = 0, based on the least squares analysis, allowing separate error variances per
location and using a Wald chi-square test. The parameters for this simulation were the
same as above except all ®i = 0. The desired rejection rate was 0.05 and there were 500
simulations. The naive test, which ignores the serial and contemporaneous correlation, had
a rejection rate of 0.248, far higher than the desired 0.05, while the bootstrap test had a

rejection rate of 0.032.
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5. DISCUSSION

With respect to our speci�c example, we have seen that the use of a generalized
least squares approach, based on a time-series/cross-sectional model, leads to serious
underestimationof the standarderrors for the coef�cients.Thebootstrapanalysis,which was
supported through simulations based on the example, provides more appropriate standard

errors. These show that there are still some gains with the use of GLS estimators over the
use of ordinary least squares, but these gains are not nearly as great as �rst indicated by
the naive standard errors. The major problem with the naive standard errors comes from
not accounting for the uncertainty arising from estimation of the covariance/correlation
parameters. Our bootstrap analysis also showed that the ordinary least squares analysis,
allowing a separate error variance for each location, is not too bad when applied to the
intercepts and mouse coef�cients, even with a dynamic component and serial correlation.
This should not be taken to indicate that ordinary least squares could always be used. For

this particular data, the magnitudes of the dynamic effects and serial correlations were
modest enough that some of the naive least squares analysis were reasonable. The bootstrap
test of no mouse effects, which was highly signi�cant, was also in agreement with the
conclusion reached from an OLS analysis. In general, however, our simulations show that
a naive test involving coef�cients across different locations may have serious problems in
achieving the desired size since it does not account for the correlation among locations. The
bootstrap analysis and simulations indicated some bias problems for dynamic coef�cients
at certain locations. These were not of major interest in our example, but if they were, we
could consider the use of bias-corrected bootstrap con�dence intervals or other methods of

estimation intended to better handle dynamic models.
In additionto ourparticularexample,we were interested ina moregeneralassessment of

methods for handlingdata with this structure. Our simulationsdemonstrated the dif�culties
with usingnaivestandarderrors and theabilityof the bootstrap to providedecent estimatesof
the standarderrors. Thebootstrapstandarderrors were somewhat too small, but not by much,
especially given the bias in some of the estimated parameters that fed into the bootstrap.
One recommendation throughout was to use modi�ed approaches that properly scale both
estimates of covarianceparameters and bootstrappederrors. Our interest in estimationof the
serial correlations and the spatial covariance matrix was primarily to help in understanding

how inferences and resampling for the coef�cients might go wrong. Estimation of these
parameters is often of interest by itself, and this topic warrants further study. The overall
message here is that standard analyses encounter dif�culties, and the bootstrap technique
we have outlined is a useful tool for dealing with the problem. This is certainly not an
endorsement for blind use of the bootstrap given the limited nature of the simulations, but
it does suggest the bootstrap has great potential for treating these situations.

Our discussionhas beenmainly aboutnaive standarderrors and the abilityof a bootstrap
method to produce correct standard errors, with some minor attention to hypothesis testing.

This is an important �rst step in assessing the value of the bootstrap in these contexts.
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Attention can, and should, now turn to also examining the performance of bootstrap-based
con�dence intervals and tests of hypotheses.

One can considermore sophisticatedmethods, such as the use of instrumental variables
or maximum likelihood techniques, which have been used in related dynamic models in

econometrics, but we have concentrated on the OLS and GLS estimators for two reasons.
The �rst is the simplicity of these approaches combined with their availability in statistical
packages, which leads to their use in practice. Second, one of the main goals here was
to assess the value of a bootstrap method to obtain estimated standard errors and related
inferences with a complex error structure. It was best to �rst evaluate the performance of
thesebootstrapprocedureswith these simplerestimatorsbefore moving to more complicated
ones.

There are a number of model extensions that can be treated, including the use of more

lag variables, a more complicated serial correlation structure, additional regressors, and so
forth. Also important are those cases in which either the locations are random or there are
a large number of locations involved. The former involves the use of a marginal model
(viewed as an average over locations) and adding more complexity to the error structure
by modeling random location effects. If there is a random sample of locations, then the
bootstrap is simpli�ed because one can resample the locations with replacement. With a
large number of �xed locations,one approach is to use distances between locations to model
the correlationamong locationsin a parsimoniousway. This is a commonapproach in spatial
statistics [see Cressie (1993) for general discussion and Upton and Fingleton (1985, p. 281)

for a regression context].
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